
!"#$%"&"'()*&!
"$+#*,"#-

!"#$%&



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

!"#$%"&"'9

'("$%)*%+,#-(,.,/01%
▶ 2,++,3.0%453,$5*%"%6#"37(%,8%6),.,/0%$("$%45".*%9)$(%$(5%5"#42*132-,#:),:#+%,8%

"3)+".*%"34%-."3$*%

'("$%)*%+"$(5+":7".%+,#-(,.,/01%
▶ ;%$,,.%8,#%5<$#"7:3/%)+"/5%7,+-,353$*%$("$%"#5%=*58=.%)3%$(5%%

> #5-#5*53$":,3%"34%45*7#)-:,3%,8%#+'("12-%*$+-%?6,=34"#)5*@%*A5.5$,3*@%7,3B5<%(=..@%CD%

> -#5>%,#%-,*$>-#,75**)3/%?+,#-(,.,/)7".%E.$5#)3/@%$()33)3/@%"34%-#=3)3/D%

▶ F"$(5+":7".%+,#-(,.,/0%45".*%9)$(%!"#$#%"&'($

'(53%)*%)$%=*58=.1%
▶ -#5>-#,75**)3/%?3,)*5%E.$5#)3/@%*("-5%*)+-.)E7":,3@%6,=34"#)5*%*+,,$()3/@%CD%

▶ 53("37)3/%,6G57$%*$#=7$=#5%?*A5.5$,3)H":,3@%7,3B5<%(=..@%CD%

▶ *5/+53$":,3%?9"$5#*(54@%CD%

▶ I="3:$":B5%45*7#)-:,3%?"#5"@%-5#)+5$5#@%CD



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

'("$%)*%"%*5$1%
▶ ;"&&+)6"1%,8%4)*:37$%,6G57$*%?5J/J%8,#%)+"/5*%7,..57:,3%,8%-)<5.*D%

K"*)7%*5$%,-5#":,3*

<+)*&&24*,%+4*6)*&2,""&-

;
K

L=6*5$
A ✓ B

; K

M3),3
A

!
B

; K

&3$5#*57:,3
A
T
B

; K

2,+-.5+53$
Ac = { w | w /2 A}

;
K

N)*G,)3$
A
T

B = ;

;K

N)O5#5375
B \A = {w | w 2 B,w /2 A}



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

<+)*&&24*,%+4*6)*&2,""&-

P#)/)3".%*5$ 
 
 

Q#"3*.":,3  
 
 

R5S57:,3

öB = {w | w = �b, for b 2 B}

(B)z = { c | c = b+ z, for b ! B}



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

=%*,2*#+24"#$%"&"'()*&2"$+#*,"#->

)&*+,%-)<5.%#'+-!.&'/+0&- %8,#%-#,75**)3/%#5/),3%*("-5*%

F,*$%,T53%=*54%,3%12-+'($2/+3"! %

U,/)7".%$#"3*8,#+":,3%6"*54%,3%7,+-"#)*,3%,8%-)<5.%
35)/(6,=#(,,4*%9)$(%"%*-57)E7%-"V5#3%?!#'4*#4'2-3$","/"-# D%
▶ W#,*),3%%

▶ N).":,3%

▶ P-53)3/%

▶ 2.,*)3/%

▶ X)$>,#>+)**%$#"3*8,#+":,3



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

2

Binary morphology



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

7,#:),:#(1'2+&+4+1,2?7.@

L+"..%*5$%9)$(%"%-#545E354%*("-5%$,%-#,65%$(5%)+"/5%=345#%
*$=40%
▶ -(4$&+%*("-5%

▶ 6)3"#0%)+"/5%

▶ 95..%45E354%&'232-%?=*="..0%$(5%753$5#% 
,8%/#"B)$0%,#%*0++5$#0D%

&$%)*%=*58=.%$,%"4"-$%$(5%*("-5%$,%65%#57$"3/=."#



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

A"B2B+2:-+27.>

'5%7,+-"#5%$(5%*$#=7$=#)3/%5.5+53$%$,%$(5%35)/(6,=#(,,4%,8%
5"7(%-)<5.%
▶ &3%-"#"..5.%8,#%5"7(%-)<5.%95%

>7(57A%)8%LW%)*%Y*":*E54Z%

>95%+"#A%$(5%-)<5.*%$("$%*":*80%$(5%LW%"34%$(53%95%-5#8,#+%$(5%45*)#54%
+,#-(,.,/)7".%,-5#":,3%?5#,*),3@%4).":,3@%CD%

W<"+-.5



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

C(D1'E2%(D1'2*1324(--(1'

[)B53%"%*$#=7$=#)3/%5.5+53$%S	"34%"%6)3"#0%)+"/5%I%

S%E$*%I%"$%x%)8%

S%()$*%I%"$%x%)8%

S%+)**5*%I%"$%x%)8

{ y | y = x+ s, s 2 S} ⇢ I

{ y | y = x ! s, s " S}
T

I #= $

{ y | y = x ! s, s " S}
!

I = #



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

W#,*),3%,8%"%*5$%A%60%"%*$#=7$=#)3/%5.5+53$%B%
▶ "..%$(5%-,)3$%z%)3%A%*=7(%$("$%B%)*%)37.=454%)3%A%9(53%$(5%,#)/)3%,8%B%7,)37)45*%9)$(%z%

?)J5J%"..%$(5%-,)3$*%)3%A%"$%9()7(%B%F,-%AD

.#"-("1  

A ! B = { z | (B )z " A} = { z | (B )z

!
Ac = #}

= { z | z + b $ A for every b $ B } \JKJ%X5#5%Y9()$5Z%
+5"3*%$("$%$(5%
B".=5%7"3%65%]%,#%^



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

.#"-("12+G*4$&+2H



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

.#"-("12+G*4$&+2I



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

.#"-("12$#"$+#6+-

)$%*(#)3A*%,#%$()3*%,6G57$*%)3%"%6)3"#0%)+"/5*%
▶ "7$*%.)A5%"%YE.$5#Z%

)$%)*%3,$%7,++=$":B5%
▶ %%

&$%)*%"3%)37#5"*)3/%$#"3*8,#+":,3%
▶ %

A ! B "= B ! A

A ! C " A # B ! C # B



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

J(&*6"12

N).":,3%,8%"%*5$%A%60%"%*$#=7$=#)3/%5.5+53$%B%
▶ "..%$(5%-,)3$%z%)3%A%*=7(%$("$%B%S)--54%"34%$#"3*."$54%60%z%("*%3,3>5+-$0%)3$5#*57:,3%

9)$(%A%?)J5J%"..%$(5%-,)3$*%)3%A%"$%9()7(%S)--54%B%%(,-%AD

!

A ! B =
!

z | ( öB )z
"

A "= #
#

=
!

z |
$
( öB )z

"
A

%
$ A

#

= {z | z = a + b, a%A and b %B}



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

J(&*6"12+G*4$&+2H



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

J(&*6"12+G*4$&+2I



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

J(&*6"12$#"$+#6+-

)$%/#,9*%,#%$()7A53*%,6G57$*%)3%"%6)3"#0%)+"/5*%
▶ "7$*%.)A5%"%Y*-":".%7,3B,.=:,3Z%=*)3/%$(5%LW%"*%7,3B,.=:,3%+"*A%

)$%)*%7,++=$":B5%
▶ %%

)$%)*%"**,7)":B5%
▶ %%

&$%)*%"3%)37#5"*)3/%$#"3*8,#+":,3%
▶ %

A�B = B �A

A ! (B ! C) = ( A ! B ) ! C

A ✓ C ) A�B ✓ C �B



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

.#"-("128-2J(&*6"1

W#,*),3%
▶ R5+,B".%,8%*$#=7$=#5*%,8%75#$")3%*("-5%"34%*)H5%/)B53%60%$(5%LW%

N).":,3%
▶ _)..)3/%,8%(,.5*%,#%"44)3/%6,#45#*%,8%75#$")3%*("-5%"34%*)H5%/)B53%60%$(5%LW%

W#,*),3%"34%4).":,3%"#5%4=".%,-5#":,3*%
▶ %%

▶ %%%

&8%K%)*%*0++5$#)7%9)$(%#5*-57$%$,%)$*%,#)/)3@%95%7"3%,6$")3%$(5%5#,*),3%,8%
$(5%)+"/5%;%60%K%*)+-.0%60%4).":3/%$(5%6"7A/#,=34%,8%$(5%)+"/5%9)$(%

$(5%*"+5%K%"34%7,+-.5+53:3/%$(5%#5*=.$J

(A B)c = Ac � B̂

(A�B)c = Ac  B̂



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

J:*&(,92+G*4$&+

A

B

B̂

Ac

A ! B

Ac � B̂



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

;"4/(1(1'2+#"-("12*1323(&*6"1

'(01%
▶ Q,%#5+,B5%*$#=7$=#5*%"34`,#%E..%(,.5*%9)$(,=$%"O57:3/%$(5%#5+")3)3/%-"#$*%

X,91%
▶ 60%7,+6)3)3/%5#,*),3%"34%4).":,3%=*)3/%$(5%*"+5%*$#=7$=#)3/%5.5+53$



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

K$+1(1'2

P-53)3/%,8%"%*5$%A	60%$(5%*$#=7$=#)3/%5.5+53$%B%%
▶ 5#,*),3%,8%A	60%B%8,..,954%60%"%4).":,3%,8%$(5%#5*=.$%60%B	

!#,-5#:5*%
▶ *+,,$(5*%$(5%7,3$,=#%

▶ 6#5"A*%3"##,9%)*$(+=*5*%%

▶ 5.)+)3"$5*%-#,$#=*),3*

�

A�B = ( A B) �B
A ! B



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

;&"-(1'2

2.,*)3/%,8%"%*5$%A	60%$(5%*$#=7$=#)3/%5.5+53$%B%%
▶ 4).":,3%,8%A	60%B%8,..,954%60%"3%5#,*),3%,8%$(5%#5*=.$%60%B	

!#,-5#:5*%
▶ *+,,$(5*%*57:,3*%,8%$(5%7,3$,=#%

▶ 8=*5*%3"##,9%6#5"A*%"34%.,3/%$()3%/=.8*%%

▶ 5.)+)3"$5*%*+"..%(,.5*%

▶ E..*%/"-*%)3%7,3$,=#

A•B = (A ! B) " B

¥



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

K$+1(1'L;&"-(1'2+G*4$&+2H



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

K$+1(1'L;&"-(1'2+G*4$&+2I

;&"-(1'

K$+1(1'

7,#:),:#(1'2+&+4+1,



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

M#"$+#6+-

P-53)3/%
▶ 															)*%"%*=6*5$%?*=6)+"/5D%,8%A%%

▶ &$%)*%"3%)37#5"*)3/%8=37:,3%

▶ &$%)*%25"/6&#"-#@%)J5J	

2.,*)3/%
▶ A	)*%"%*=6*5$%?*=6)+"/5D%,8%%

▶ &$%)*%"3%)37#5"*)3/%8=37:,3%

▶ &$%)*%25"/6&#"-#@%)J5J%	

P-53)3/%"34%7.,*)3/%"#5%4=".%,-5#":,3*%
▶ %%%

A¥B

C ! D " C¥B ! D¥B

(A¥B )¥B = A¥B

A ! B

C ! D " C # B ! D # B

(A ! B ) ! B = A ! B

(A¥B )c = ( Ac ! öB )



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

!"#$%"&"'()*&2F&,+#(1'

Q,%#+4"8+2%"&+-%)3%$(5%
8,#5/#,=34%*132(-&*13-%)3%$(5%
6"7A/#,=34%
▶ 4,%6,$(%,-53)3/%"34%7.,*)3/%

Q(5%-(0+2*132-%*$+2"52,%+2
-,#:),:#(1'2+&+4+1,%
45$5#+)35*%9()7(%85"$=#5%9)..%
*=#B)B5%"T5#%$(5%E.$5#)3/%

&3%$(5%*/-+1)+2"52N1"B&+3'+%
"6,=$%$(5%*("-5%,8%$(5%85"$=#5*%
$,%#5+,B5@%=*5%"%)(#):&*#27.



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

!"#$%"&"'()*&2F&,+#(1'2+G*4$&+

;&"-+2*132,%+12"$+1

K$+12*132,%+12)&"-+

7,#:),:#(1'2+&+4+1,



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

A(,O"#O!(--2P#*1-5"#4*6"1

L5"#7(5*%8,#%"3%+G*),24*,)%%,8%$(5%*$#=7$=#)3/%5.5+53$%

[)B53%"%*$#=7$=#)3/%5.5+53$%B=(B1	M	B2),	$(5%4*,)%2"5272(128	)*%

▶ %%%%%E34*%"%+"$7(%)3%%%%%%%%?%2#D%

▶ %%%%%E34*%"%+"$7(%)3%%%%%%%?/2!! D

!

A ! B = ( A ! B1)
!

(Ac ! B2)

B1

B2

A

Ac



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

A(,O"#O!(--2P#*1-5"#4*6"12+G*4$&+2H



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

A(,O"#O!(--2P#*1-5"#4*6"12+G*4$&+2I

B = ( S1, S2)

B = ( S2, S3)

B = ( S4, S5)



!"#$%"&"'()*&!
"$+#*,"#-

!"#$%&&



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

2

Applications



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

=%923"2B+2:-+24"#$%"&"'()*&2"$+#*,"#->

R5-#5*53$":,3%"34%45*7#)-:,3%,8%"%*("-5%
▶ 5<$#"7:3/%6,=34"#)5*%

▶ 5<$#"7:3/%7,3357$54%7,+-,353$*%%

▶ 5<$#"7:3/%$(5%7,3B5<%(=..%

▶ *A5.5$,3)H5%"%#5/),3%

!#5`!,*$>-#,75**)3/%*$5-*%
▶ #5/),3%E..)3/%

▶ #5/),3%$()33)3/%

▶ #5/),3%$()7A53)3/



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

Q":13*#92+G,#*)6"1

2,+6)3)3/%5#,*),3%60%"%*$#=7$=#)3/%5.5+53$%K%"34%4)O5#5375%
65$9553%*5$*

! (A) = A \ (A ! B )

a



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

Q":13*#92+G,#*)6"12+G*4$&+



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

A"&+-2F&&(1'

2,+6)3)3/%*5$%4).":,3@%7,+-.5+53$":,3%"34%)3$5#*57:,3%
▶ ;%%&,"%)*%45E354%"*%"%6"7A/#,=34%#5/),3%*=##,=3454%60%"%7,3357$54%6,#45#%,8%

8,#5/#,=34%-)<5.*%

;./,#)$(+%
▶ [)B53%"%-,)3$%P%)3*)45%"%(,.5%*5$%%

▶ 9().5%%%%%%%%%%%%%%%%%%%%%%%%%4, 
 
534%

▶ %%

'5%7"..%$()*%*&-520&-+,$52,+0&-

X 0 = P

X k != X k! 1

X k = ( X k! 1 ! B )
!

Ac

X F = X k
!

A



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

A"&+-2F&&(1'2+G*4$&+



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

.G,#*)6"12"52)"11+),+32)"4$"1+1,-

2,+6)3)3/%*5$%4).":,3%"34%)3$5#*57:,3%
▶ ;%*&--"*#"5$*&/6&-"-#$9%)*%45E354%"*%"..%$(5%-)<5.*%)3%S%8,#%9()7(%$(5#5%5<)*$*%"%-"$(%

$("$%7,3357$%$(5+%7,3*)*:3/%53:#5.0%,8%-)<5.*%)3%S%

;./,#)$(+%
▶ [)B53%"%-,)3$%P%)3*)45%A%*5$%%

▶ 9().5%%%%%%%%%%%%%%%%%%%%%%%%%4, 
 
534%

&$%)*%"/")3%"%*&-520&-+,$52,+0&-

X k != X k! 1

X k = ( X k! 1 ! B )
!

Ac

X 0 = P



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

;"11+),+32)"4$"1+1,-2+G*4$&+2H



.&*/"#*0("1+23(2-+'1*&(2+2(44*'(1(2$+#2/("(15"#4*6)* 7(4"1*27)%(*8(

2,+6)3)3/%()$>,#>+)**%$#"3*8,#+":,3%"34%=3),3%
▶ ;%*5$%A	)*%*")4%$,%65%*&-:"; %)8%$(5%*$#")/($%.)35%*5/+53$%G,)3)3/%+-( %$9,%-,)3$*%)3%A	.)5*%

"-0'",( %9)$()3%A%

▶ Q(5%*&-:";$%4,,$<=8>$,8%"3%"#6)$#"#0%*5$%A	)*%$(5%!/+,,"!# %7,3B5<%*5$%7,3$")3)3/%A%

;./,#)$(+%
▶ N5E35%b%*$#=7$=#)3/%5.5+53$*%%

▶ &3):".)H5%%

▶ 9().5%%%%%%%%%%%%%%%%%%%%%%%%%4, 
 
534%

▶ % 

▶ Q,%/5$%$(5%!/+,,"!# %7,3B5<%*5$%7,3$")3)3/ 
;%95%.)+)$%/#,9$(%$,%$(5%+)3%"34%+"<% 
7,,#4)3"$5*%,8%;

\JKJ%X5#5%Y<Z% 
+5"3*%$("$%$(5%B".=5%
7"3%65%]%,#%^

;"18+G2A:&&

X i
k = ( X i
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